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Abstract: A new simple and accurate four-node quadrilateral element is developed for linear static and dynamic 
analysis of thin to moderately thick laminated, anisotropic plate/shell structures within the first-order shear 
deformation theory (FSDT). The element is built by incorporating the strain smoothing method of mesh-free 
conforming nodal integration into the conventional bilinear four-node quadrilateral finite element (Q4). The 
membrane and bending stiffness matrices are calculated on the boundaries of the smoothing cells while the shear 
term is evaluated by 2×2 Gaussian quadrature. This boundary integration, which is done on the smoothing 
element boundaries for the bending and membrane term, contributes to the preservation of high accuracy of the 
method even when elements are extremely distorted, for example, when two nodes are collapsed so that the 
quadrilateral becomes a triangle. Through several structural analysis examples, the simplicity, efficiency and 
reliability of the element are demonstrated. Convergence and comparison studies with the other existing 
solutions in the literature suggest that the present element is robust, computationally inexpensive, free of locking 
and could be the simplest displacement type element of its class. Its convergence properties are insensitive to 
mesh distortion, thickness-to-span ratio, stacking sequence and degree of anisotropy. 
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1  Introduction 
Fibre-reinforced composite materials are ideal for many engineering applications that require high strength-to-
weight, stiffness-to-weight ratios, excellent resistance to corrosive substances and potentially high overall durability. 
In recent years, the use of laminated composite plates/shells in many engineering applications has been expanding 
rapidly. This has led to more interesting researches on the development of simple and efficient elements for modelling 
of these structures. Many theories were developed for analysis of thin to thick laminated plates/shells such as the 
classical plate theory (CPT), the first-order shear deformation theory (FSDT), the higher-order shear deformation 
theory (HSDT), the layer-wise theory and 3D elasticity theory. Among these theories, the FSDT is still the most 
attractive approach owing to its simplicity, low computational cost and good compromise between numerical accuracy 
and computational burden. 
A major problem of FSDT is the presence of shear-locking as the thickness-to-span ratio of the plate becomes 
too small (e.g. h/a<1/100). Many techniques have been proposed to overcome this phenomenon with varying degree 
of success. For instance, the reduced or selective integration methods [1], the hybrid/mixed methods [8], the assumed 
or modified shear strain technique [6], and the Timoshenko beam function approach [12]. However, the elements 
developed in these studies are usually stiff and sensitive to mesh distortion. It is rather difficult to obtain accurate 
results in several situations, including extremely distorted elements, coupling effects in non-symmetric laminates, and 
materials combination with high E1 to E2 ratio. 
To avoid problems related to element distortion encountered in finite element method (FEM), many useful 
techniques of mesh-free method have been recently developed. For example, the stabilized conforming nodal 
integration (SCNI) is used as normalized nodal integration of the mesh-free Galerkin weak form [2, 3]. Although 
mesh-free method has good accuracy and high convergence rate, the complex approximation space increases the 
computational cost for numerical integrations. Recently, the application of SCNI in existing FEM for 2D elasticity 
problems was presented by Liu et al. [4, 5] as a new smoothed finite element method (SFEM). It is found that the 
SFEM achieves more accurate results and higher convergence rate as compared with the corresponding non-smoothed 
FEM without increasing the computational cost. 
The present study is a contribution to the development of a simple, accurate and locking-free 4-node element, 
within the framework of the FSDT, which is able to work well in highly distorted forms for analysis of laminated 
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composite plates/shells of different shapes. We will extend and develop the idea of SFEM and propose a new locking-
free flat quadrilateral laminated plate element based on the SCNI. The present four-node 20-DOF element is obtained 
by incorporating the SCNI into the Bathe-Dvorkin assumed strain plate element [6]. The membrane and bending strain 
fields are approximated using strain smoothing technique of mesh-free method. The shear strains are approximated by 
an independent interpolation field in the natural coordinate system. With this novel combination, the proposed element 
is locking free without zero energy modes and is able to provide accurate result in cases of extremely distorted 
elements, for example, even when two nodes are collapsed so that the quadrilateral becomes a triangle. 
The paper is outlined as follows. A review of the FSDT and finite element formulations are introduced in section 
2. The description of strain smoothing stabilization for membrane strain, curvature fields and the assumed natural 
shear strain of the element are derived in section 3. Several numerical applications are investigated in section 4 to 
assess the performance of the proposed element. Finally, section 5 concludes the study. 
2  Review of the FSDT and finite element formulations for laminated plates 
The first-order shear deformation theory (FSDT) for laminated plates is an extension of the Reissner-Mindlin 
theory for homogeneous isotropic thick plates. In FSDT, the plate kinematics is governed by the mid-surface (x-y 
plane) displacement u0 ,v0, w0 and the rotation θx, θy around y- and x-axis, respectively 
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and the transverse shear strain vector Tyzxz ][ γγ=γ  is 
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The stress-strain relationship with respect to the global x- and y-axis for the kth (k=1…n) lamina is expressed as 
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where 21k ,
2
2k  are shear correction factors (SCFs); 
k
ijQ , 
k
ijQ
*  are elastic constants of the kth lamina making an angle θk 
with the global x-axis, which are given as 
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The stress and resultant constitutive relation of the laminated plate can be expressed as 
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where N is the membrane force vector, M is the bending moment vector and T is the transverse shear force vector; A 
is the extensional stiffness, B is the bending-extensional coupling stiffness, D is the bending stiffness and C0 is the 
shear stiffness. 
The finite element solution u of a displacement model is approximated as 
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where np is the total number of nodes of the mesh, q is the displacement vector of the element and N is the shape 
function matrix. In the case of standard Q4 element, )1)(1(25.0 ηηξξ iiiN ++= . 
The corresponding approximation of membrane, bending and shear strain of Eq. (2) and (3) can be expressed in 
the following form 
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Then the element stiffness matrix can be obtained as 
∫∫
ΩΩ
Ω+Ω=+=
ee
dd ss
T
spp
T
p
e
s
e
mb
e BCBBCBKKK 0 . (14) 
3  Strain smoothing approach for finite element method 
3.1 Smoothed membrane and bending strain approximation 
The membrane, bending strain at an arbitrary point xC are obtained by using following strain smoothing 
operation 
Ω−Φ= ∫
Ω
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C
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where pε  is the membrane-bending strains obtained from displacement compatibility conditions as given in Eq. (12). 
CΩ  is the smoothing cell domain on which the smoothing operation is performed. Depending on the stability 
analysis, CΩ  may be an entire element or part of an element [2-3] as shown in Fig. 1; Φ  is a given smoothing 
function that satisfies at least unity property and is defined as 
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where ∫
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C
dAC  is the area of the smoothing cell (or subcell). 
Substituting Φ  into Eq. (15) and applying the divergence theorem, one can get the smoothed membrane-bending 
strain as follows 
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Fig. 1 Subdivision of smoothing cells (nc) and the values of shape function at nodes 
 
where CΓ  is the boundary of the smoothing cell. 
Introducing the finite element approximation of u into Eq. (17) gives 
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where nc is the number of smoothing cells (subcells) and 
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Using integration with one Gaussian point to evaluate Eq. (19) over each line segment iCΓ  of CΓ , Eq. (19) can 
be transformed as 
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where Gbx , Cbl  are the midpoint (Gaussian point) and the length of CbΓ , respectively and nb is the total number of 
edges of each smoothing cell. 
3.2 Transverse shear strain approximation 
The shear strain is approximated with independent interpolation fields in the natural coordinate system as [6] 
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where J is the Jacobian matrix and the mideside nodes A, B, C, D are shown in Fig. 1. Expressing Aηγ , Bξγ , Cηγ  and 
D
ξγ  in terms of the discretized field u, we obtain the shear matrix 
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Finally, the element stiffness matrix can be obtained as follows 
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In Eq. (23), the shear term esK  is still evaluated by 2x2 Gauss quadrature while the membrane-bending stiffness 
e
mbK
~  is computed by one Gaussian point along each line segment of the smoothing cells of the element. For 
simplicity, two smoothing cells (nc= 2) as shown in Fig. 1 are used for calculating the smoothed membrane-bending 
stiffness matrix of the element. This forms the basis of a new four-node quadrilateral element named MISQ20 (Mixed 
Interpolation Smoothing Quadrilateral element with 20 DOF) for analysis of laminated plates. For analysis of 
laminated shells with MISQ20 element, one drilling degree of freedom will be added to each node of MISQ20 
element for modelling and the total DOFs will be 24. 
4  Numerical examples 
4.1 Example 1: Simply supported cross-ply laminated plates under uniformly distributed load 
The symmetric [0/90/0] and unsymmetric [0/90] cross-ply laminated square plates with a length a and a 
thickness h, subjected to simply supported boundary, under a uniform transverse load qo=1 are studied. All layers have 
equal thickness and are made of the same material: E1/E2=25, G12= G13 = 0.5E2, G23= 0.2E2, υ12 = υ13 = υ23 = 0.25. 
The SCFs are assumed to be 5/6. Owing to symmetry, only a quarter of the plate is discretized using 3×3, 6×6, 12×12 
meshes with regular as well as highly distorted elements as shown in Fig. 2. 
 
 
 
 
 
Fig. 2 Example 1: Discretization of a plate quadrant with regular and irregular meshes. 
 
Tab. 1 shows the prediction accuracies and convergence rate for the dimensionless plate centre deflections 
w*=100E2wh3 /(qoa4) with two types of meshes. It is found that the accuracy of the present element is better than 
EML4 element [7], HASL element [8] for the case of regular mesh 12×12. Numerical results in Tab. 1 also indicate 
that element performance, in terms of rate of convergence and accuracy, with respect to exact solution is excellent. 
The proposed MISQ20 element yields not only accurate results in a wide range of thick to thin plates but also rapid 
convergence for both regular and extremely distorted meshes. 
 
Tab. 1 Example 1: Convergence of normalized central deflection w*=100E2wh3 /(qoa4) and comparison with other solutions. 
MISQ20 h/a Lay-up Mesh EML4  12×12 
HASL 
 12×12 3×3 6×6 12×12 Exact 
0.001  Regular − − 1.6897 1.6943 1.6952 − 
  Irregular − − 1.6813 1.6918 1.6947  
0.01 [0/90] Regular − − 1.6923 1.6967 1.6979 1.6980 
  Irregular − − 1.6862 1.6928 1.6973  
0.1  Regular 1.9470 − 1.9465 1.9469 1.9469 1.9468 
  Irregular − − 1.9516 1.9478 1.9466  
         
0.001  Regular − − 0.6736 0.6676 0.6664 − 
  Irregular − − 0.6728 0.6676 0.6667  
0.01 [0/90/0] Regular − 0.6700 0.6773 0.6713 0.6700 0.6697 
  Irregular − − 0.7006 0.6736 0.6702  
0.1  Regular 1.0220 1.0262 1.0367 1.0254 1.0227 1.0219 
  Irregular − − 1.0735 1.0312 1.0232  
 
The effect of distorted mesh and thickness ratio h/a on the convergence of the results is shown in Fig. 3. It is 
found that the convergence of the solution w* for unsymmetric cross-ply [0/90] with h/a=0.1 is faster than with 
h/a=0.01 in both types of mesh and conversely for symmetric cross-ply [0/90/0]. 
 
 
(a) [0/90] 
 
(b) [0/90/0] 
Fig. 3 Example 1: Convergence behavior of the normalized central deflection of unsymmetric and symmetric laminated plates. 
4.2 Example 2: Simply supported angle-ply laminated plates under uniformly distributed load 
A simply supported two-layer angle-ply [θ/-θ] square plate with length a =10 and thickness h = 0.02, subjected 
to a uniformly distributed transverse load qo = 1 is analyzed. The SCFs are 5/6. All layers have equal thickness and are 
made of the same material: E1/E2=25, G12= G13 = 0.5E2 , G23= 0.2E2, υ12 = υ13 = υ23 = 0.25. Due to asymmetry, the 
entire plate is modelled with a representative sketch as shown in Fig. 4. 
 
 
 
(a) 
 
(b) 
Fig. 4 Example 2: (a) Geometry data and representative mesh; (b) Effect of fibre angle on accuracy. 
 
Table 2 presents a convergence study of the normalized central deflection w*= 100E2wh3 /(qoa4) with different 
fibre orientation angles. The present results are compared with other solutions obtained using MQH3T element [9], 
SQUAD4 element [10], RDTMLC element [11], RDKQ-L20 element [12] and the exact solution given by Whitney 
[13]. The effect of fibre orientation on the accuracy of the methods is also shown in Fig 2b. It can be seen that the 
accuracy of the present element compares very favourably with other elements and the method is convergent with 
mesh refinement as shown in Tab. 2. The accuracy obtained with the present MISQ20 element is quite insensitive 
with fibre angles while other methods behave badly in some cases. 
 
Tab. 2 Example 2: Convergence of normalized central deflection with various fibre angles and comparison with other solutions. 
MISQ20 Fibre 
angle 
MQH3T 
 6×6 
(655DOF) 
SQUAD4 
 10×10 
(605DOF) 
RDTMLC 
 8×8 
(605DOF) 
RDKQ-L20 
 10×10 
(605DOF) 
6×6 8×8 10×10 
(605DOF) 
Exact 
±5 0.4764 0.4776 0.4776 0.4742 0.4793 0.4758 0.4748 0.4736 
±15 0.7160 − 0.7014 0.7139 0.7191 0.7164 0.7155 0.7142 
±25 0.7870 0.8030 0.7638 0.7854 0.7901 0.7886 0.7880 0.7870 
±35 0.7555 0.7745 0.7329 0.7538 0.7581 0.7571 0.7567 0.7561 
±45 0.7315 0.7506 0.7106 0.7302 0.7340 0.7331 0.7327 0.7322 
4.3 Example 3: Antisymmetric 2-layer and 8-layer angle-ply laminated plates under double sinusoidal load 
To assess the combined effect of normal bending-in-plane shear and extension-twisting moment coupling on the 
performance of the MISQ20 element, simply supported 2-layer [-45/45] and 8-layer [-45/45]4 square plates with 
length a and thickness h subjected to doubly sinusoidal load q= qosin(x/a)sin(y/a) are analyzed. The SCFs and 
material are the same as in the previous example (section 4.2). 
The numerical results shown in Tab. 3 demonstrate the accuracy of the present method. Note that calculations 
are performed for the normalized central deflection w*=1000E2wh3 /(qoa4); the normalized stress )/( 22* aqh oxx σσ =  
at point (a/2, a/2, h/2); the normalized shear stress )/( 22* aqh oxyxy ττ =  at point (0, 0, -h/2); and the normalized 
transverse shear stress )/(* aqh oxzxz ττ =  at point (0, a/2, h/4). 
 
Tab. 3 Example 3: Comparison of normalized central deflection and normalized stresses with other solutions. 
MISQ20  MISQ20 
h/a Model w* *xσ  *xyτ  *xzτ   w* *xσ  *xyτ  *xzτ  
 CTMQ20 (8×8) 0.6519 0.2474 0.2295 0.1194  0.2463 0.1459 0.1356 0.1791 
 RDKQ-L20 (10×10) 0.6533 0.2488 0.2302 0.1245  0.2466 0.1464 0.1359 0.1813 
0.01 MFE (8×8) 0.6558 − − −  0.2472 − − − 
 MISQ20 (10×10) 0.6553 0.2459 0.2304 0.1884  0.2475 0.1427 0.1368 0.2358 
 Exact (FSDT) 0.6564 0.2498 0.2336 0.2143  0.2479 0.1445 0.1384 0.2487 
           
 CTMQ20 (8×8) 0.8218 0.2543 0.2349 0.2005  0.4157 0.1507 0.1361 0.2384 
 RDKQ-L20 (10×10) 0.8241 0.2517 0.2316 0.2053  0.4171 0.1512 0.1370 0.2420 
0.1 MFE (8×8) 0.8257     0.4189    
 MISQ20 (10×10) 0.8286 0.2459 0.2304 0.1884  0.4208 0.1427 0.1368 0.2358 
 Exact (FSDT) 0.8284 0.2498 0.2336 0.2143  0.4198 0.1445 0.1384 0.2487 
4.4 Example 4: Free vibration of cross-ply laminated plates 
A simply supported four-layer cross-ply [0/90/90/0] square laminate is studied with material properties: G12= G13 
= 0.5E2, G23= 0.2E2, υ12 = υ13 = υ23 = 0.25. The thickness-span ratio h/a is taken to be 0.2. It is found that the MISQ20 
element yields not only accurate results in a wide range of E1/E2 ratio but also rapid convergence as in Fig. 5a. The 
effect of various modulus ratios of E1/E2 on the accuracy of the fundamental frequency is also displayed in Fig. 5b. It 
can be seen that the present results are in good agreement with exact solution [16] and closer to Liew’s results [14] 
than RBF’s solution by Ferreira [15].  
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Fig. 5 Example 4: Convergence study and effect of modulus ratios on the accuracy of the fundamental frequency. 
 
To assess the effect of mesh distortion, the plate is analysed again using distorted elements. The coordinates of 
an irregular mesh are obtained by the following expressions: x’= x+Δx rc s and y’= y+Δy rc s; where rc is a computer-
generated random number between -1.0 and 1.0; Δx, Δy are initial regular element sizes in x- and y- directions, 
respectively and s∈ [0;0.4] is used to control the shape of the distorted element: the bigger the value of s, the more 
irregular the shape of generated elements. 
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Fig. 6 Example 4: The effect of mesh distortion on the accuracy of the present method. 
 
The effect of the mesh distortion on the fundamental frequency obtained by the present method is shown in Fig. 
6. It is noted that the accuracy of the fundamental frequencies associated with irregular mesh decreases in comparison 
with regular mesh results. However, the deterioration is very small and the overall performance is insensitive to mesh 
distortion as the maximum error of frequency is below than 0.3%. 
4.5 Example 5: Free vibration of multi-layer cylindrical shells 
A simply supported cross-ply cylindrical panels with R=100, L=20 and a total thickness h=0.2 as shown in Fig.7 
is studied. 
 
 
Fig. 7 Example 5: Finite element and geometry data of the cylindrical shell. 
 
All layers have equal thickness and same material: E1/E2= 25, G12= G13= 0.5E2, G23= 0.2E2, υ12 = υ13 = υ13 = 
0.25, ρ= 1. The SCFs are 5/6.  Three kinds of lay-up sequence: [0/90], [0/90/0] and [0/90/90/0] are considered. 
Considering only symmetric modes, a quadrant designated as ABCD as shown in Fig. 7 is modelled. The numerical 
results shown in Tab. 5 demonstrate the accuracy of the present method when compared to other solutions. 
 
Tab. 5 Example 5: Convergence of normalized fundamental frequencies with various layup and comparison with other solutions. 
Layerwise [17] 9-node element [18] MISQ20 Analytic Lay-up 8×8 5×5 4×4 6×6 8×8 [19] 
[0/90] 17.390 17.7 17.061 16.833 16.736 16.668 
[0/90/0] 20.960 − 20.575 20.340 20.240 20.332 
[0/90/90/0] 20.960 − 20.694 20.461 20.367 20.361 
5  Conclusions 
An accurate simple four-node displacement-based quadrilateral element MISQ20 has been developed and 
reported in this paper for linear analysis of thin to thick laminated plates/shells. The element is based on mixed 
interpolations with a strain smoothing technique used in the SCNI mesh-free method and it is easy to implement. With 
this combination, the element maintains a sufficient rank and free from shear locking and any spurious modes. Several 
numerical examples are studied and the obtained results are in excellent agreement with analytical solution. It is found 
that the new proposed element is robust, reliable and is not sensitive to mesh distortion. It can yield accurate results 
even with coarse discretizations irrespective of the thickness-to-span ratio and stacking sequence. 
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